Runge-Kutta methods
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Butcher Tableaus
SDIRK:

Implicit:  Explicit:

« Order: Taylor expand
= Stability:
R(z) — det(I — zA + zeb!)
det(I — zA)
« ERK cannot be A-stable. IRK
A-stable iff R(z) has all poles in

rhs plane and |R(z)| < 1 on the
Imaginary axis

Adams methods

Adams-Bashforth (ABk)

k
Yn+1 = Yn + AL El Bret1—ifn+1—i

|
Br1—i glkJrl—i(thrl—i + sAt)ds

ﬁ t— Tpt1—j

lir1—i(t) =
\ j=1.j#i bnt1—i

« Order: k
« Stability: not A-stable for k > 2

« Explicit

o tn+1—j

« AB1 = Explicit Euler
Adams-Moulton (AMk)

y

k
Yn+1 = Yn T At z';() Bk—ifnJrl—i

|
= /lk+1—i(tn+1—z’ + sAt)ds
0

o tn+1—j

lr1—i(T) = |

« Stability: not A-stable for k > 1
« Implicit
« AMO = Implicit Euler

BDF methods

[dea: build p(t), differentiate, insert
t = t,1, rearrange to isolate v,,,1.

« Order: k

« Stability: not A-stable for k > 2

« Implicit

« BDF1 = Implicit Euler

Definitions

= Local error: 1,11 = y(tha1) — Unat;

Un+1 1s the numerical solution after
one step if y,, is exact.

= Global error: e, = y(tni1) — Ynit
« Convergence: error — 0 as At — 0
« Order of Consistency: p if

[ln1l] = O(AET)
= Order of Convergence: p if
lens1]| = O(ALP)

= Stability region: The set D C C s.t.
the method gives bounded solutions

to ' = Ay, Re(\) < 0.
« A-stability: If C~ C D.

« Lipschitz continuous: if L exists s.t.

f(u) = f)[| < Liju — o]

« Finite escape time: solution blows
up (not Lipschitz continuous)

Solving Implicitness

Predictor-Corrector
Use an explicit method to predict y,,41,
use FPI or Newton to iteratively cor-

rect. PE(CE)>* — PE(CE)*.

Fixed Point Iteration
Jy=Gy)

\y(z+1) — G(y")

« Idea: G is the 'rhs' of your method.
Keep inserting until convergence.

« Pro: Computationally inexpensive.

« Con: Requires a certain time step.
Ex: Implicit Euler

G(y) = Yn T Atf(thrla y)
Newton’s Method
F(y) =0

1F'(y)Ay = —F(y)

\

= Idea: F'is y minus the 'rhs' of your
method.

« Pro: Guarantees convergence, no
restriction on tiume step.

« Con: Computationally expensive.

« Simplified Newton: Only compute
the Jacobian at the start of each

step.
Ex: Implicit Euler
F(y) — Y — Yn — Atf(tTH-l? y)

F'(y) =1 — Atf:;(tn—Fl) Y)

Finite Differences

—u'(z)+ulx)=0 0<ox <1
u(0) = a,u(l) =0

Introduce spatial grid, Ax = _M1+1

Discretize:

ru(zm) — Up,
< Un_1—2U,,+U,
u//(xm> . 1 T +1

\ ACIZ’Q
® Write the discretized equation as:
- =2U; + Us 0}
Ax? U= Az2

m—1 2 m m
; U 1 U ‘|‘ U +1 I Um _ O
a1 — 20 B
\ AZEQ M ACBZ

o Write this in matrix form:

1
(1 TM) U= ca,

Aqx?

with o
2 10...0 8‘
1 —21... 0

TAa:: s CAx —
S 0
0 0 0... =2
! _ 3

Tn, and ca, depend on the BVP.
For the TA, above, its eigenvalues

are \,, = —4sin

1)

With Neumann or Robin conditions,
you need to discretize the derivative.

This can be done in 3 ways:

’

m+1 — Um

§ Aﬂ("] order 1
W () {20 2 rder 1
Az
Umi1 = Um-1 order 2
\ QAQT
T
V= lulte, 1), ... ,ulte, xM)} =

|V = Ull2.az < Al—”“”max ()]

Nonlinear BVP

—u'(z) = f(x,u(z)) 0<z<1
u(0) = a,u(l) =

Solve with Newton’s method

| flz,Uh)
FU)= — o Tal—|
S, Un)
0
o g |15
Do

Method of Lines

Idea: Begin with PDE

. Discretize in space using Finite Differences = IVP. Use

an [VP method (eg. Runge-Kutta) = Recursion over linear systems.

. o>
U — 35U = () g

/

u(t,0) =u(t,1) =0 —®

U(0)

\U(O, x) — g(CC)

ACEZ H<
= W Uy = Vo
\

TAx =0 Un+1 — RA:CUn

+CAx

Linear Spaces

||| is a norm if

z|| > 0and ||z||=0< 2 =0
Az|| = [A] - |||
r+yl| < [lzf] + [lyl]

n
Jalloc = (¢ £ 02) = (- aT0)

Jullz: = ( [ u(e)do)

DO +—
DO | —

DO

A
Matrix norm: HA| zsupH xH
w40 ||
|4zl < ||A]| - [J2]

= A orthogonal: ||All =1

« A symmetric: ||A]| = max A Al

Method of Lines

cREY = (14 35T)

R = (I — AbTn,)

R = (1 - ATy (14 AT
Stability

« U,+1 = RaU, is stable if

|R%.|| < C, C independent of n
and Azx.

« CFL condition: At < 1 > = Explicit
Fuler is stable.

= [E and TR are stable.

Convergence

V = |ulte, z1), ... ,ulte, a?M)}T.
N[V — Ux"|2.00 < C(AE + Az?)
VN — U]{TEHZ,A:E < C(At + AZIZ‘Q)

Viv — U%;RHZAx < C(AtQ + AQ’JQ)

For EE & IE:
lhs < ¢.(5 max\8t2 | Af;

max \ | )

PDEs

. . 2
Diffusion %u aazu = f
82
o M?? .
Poisson ——u ayQu = f

Schrodinger | gt e O 1 =Vu

0
Wave pTELY

Time Step Adaptivity

Goal: ||l,.1]| =TOL
TOL \»
Athrl:Atn( & )

b1l
Two ways to estimate [,,11:

« Use time steps of different sizes

= Use different order methods. For RK
methods, use embedded RK

C A
Embedded RK: b

A

D

b oives an RK of lower order.
ltll = ||Une1 — yna1]| can be used
for error estimation.




- RK stability: R(z)=1+b' (I —zA)™'1
« tank att det star ¢ i nedersta raden pa RK

- Stability of MOL: DEF: A full discretisation scheme U = R, U" is stable if
|RR || < C with C being independent of both n and Ax.Ex with EE:

[RXZ |2 = [1S( + £5D)S™[la < |[Sllo(1 + £=D)[2l1S™ |2 =

« Max order of consistency for RK is s, at least for s < 4

= Stability for EE: Apply to linear test function and arrive at .1 = (1 + hA)y,.

Put z = Ah and check where || = R(z) = [1 4 z| < 1. This becomes a circle
with radius 1 centered in -1, which puts a condition on z and therfore on h

« Root condition: We say that a linear k-step method satisfies the root condition if
the roots of the characteristic polynomial all lie within or on the unit circle, those
on the unit circle being simple.

Zero stability: A a linear k-step method is zero stable if and only if it satisfies the
root condition.

No method that is not zero-stable can be A-stable.

a method that is explicit can not be A-stable.

If a method is A-stable, there is no longer any restrictions on the timestep At.

Karaktaristisk polynom for saker: stall upp y,,,-termer i VL och f(t,.,ymn) i HL.
Fa hogsta y-termen fri

Taylor

Ex, flerdimtaylor

fla,b) + fola,b)(x — a) + fy(a,b)(y — b) + 5(fouelr — a)+
2fry(a,b)(x —a)(y —b) + f,,(y — b))

(Pt

satt = (Unr1 — Unr) /A

Trapezoidal:

Yn+1 — Yn f(tn—Ha yn+1)>

Vid Neumann Az = M+11/2'

Jacobian: ] )
5’u1 8u1 8u1

(9561 833'2 85133
c‘?ug 8u2 8’&2
85171 (9332 (9373
8u3 aU3 8U3
_5’:51 8:1:2 (9333_

Dahlquists first barrier theorem: The maximal order of a zero-stable k-step
method is £ if it is a explicit method, £+ 1 if £ is odd and the method is implicit
and £+ 2 if k is even and the method is implicit.

Dahlquist second barrier theorem: There are no explicit A-stable and linear
multistep methods. The implicit ones have order of convergence at most 2. The
trapezoidal rule has the smallest error constant amongst the A-stable linear

multistep methods of order 2.

BDF- Backward Differntial Formula (family of implicit methods), not A-stable for
k>2 and not zero-stable for k>6

Picard-Lindelof: if f(¢,y) is continous on an intervall in ¢ and Lipschitz continous

with L|f| independent of ¢, then there exists a unique solution of the IVP on the

interval for every y(0) = yp.
Lemma Assume u € C*(a, b), then:

U(LTrmi1 — 2U(T,) + U(Tp—1) -1
A = u"(x,,) + Axﬁu( )(€)

where € € |2, 1, Z;m11]. (This expression can be used to approximate the second

derivative.)Proof: Taylor expand around z = x,,.
Theorem: Let u be a solution of utt(z) + u(x) = 0,u(0) = au(l) = 5 and U its
finite difference approximations given by

(I — (1/Ax*)Ta,)U = cay

then: | i
HU(ZBl), cens U(Q?m) — UHQ,AZE < sz—maajxe[O,l]‘dx(4)u(aj)|

- 12

= Matrices

- A diagonal —||A|| = max| | (Use that ||All; = 2t AT Az = 3, Nox? )

- A orthognal —||A|| = 1 (Orthogonal=normailized and pairwise orthogonal, A’ A = I)

- A symmetric (A = AD)—||A]| = maxi| | (Use SDST, S orthogonal and D diagonal.)

4L sin’(mm /(2(M + 1)))| < [1 — 48]

H[ | AAaszH :max1<m<M|1 N

We will have stability with ||RAY || < 1if 55 < 1/2

« The condition on At and Ax is called the CFL-condition. For different equations

the constant 1/2 may change, but the format stays the same (se ex nedan). The
implicit methods have better stability properties, and the implicit Euler / finite
dif. scheme is stable without any restrictions on At or Az (at least for the case
we have studied, but presumably in general as well).

For the diffusion eq u; = au!,. with a = pos.const. the CFL condition becomes

0 <)

The eigenvalues of T, is Ay 70 = —432’712(2(]7\?11)).

Proof: T, = —21 + S, dar S har nollor pa diagonalen och ettor pa
subdiagonalerna. Hence, A\, 7., = —2 + A\,,|S]. Wee need to solve Sz = Ax, or

the equivalent linear differnece eq:

Lm41 — )\m T Im—1 = 07 Lo = LM+1 — 0
which gives the characteristic pol. 2> — Az +1 = 0. Let z,_ be the two roots,
20 = N2+ /1 —X\2/4. Casel: z, = z_ (A =2,22 =1). Then
Ty = A" + Bmz™ = A 4+ Bm. With the boundary values this gives x,,, = 0
for every m.

Case 2: x,, = Azm,  p_m. Note that
(z—z2)(z—2)=2"4+ (24 + z2_)z + 2.2 = 2° — Az + 1 which gives us
zo=1/zy and x,,, = A2+ B2z"". v = A+ B = x, =A=' —z_").

Vidare: zj;41 =0 < zy“ = Z;(MJFD. Forlang med ZI<M+1> sa blir
zi(MH) =1l=e" = , 52, = e/ M+ Now, = z, + z_ (med litet m

med). Skriv om till 2cos(...). A1 = —2 + 2cos(...). Utnyttja

cos(2x) = 1 — 2sin?(x).
The eigenvalues for a non-symmetric tridiagonal n x n Toeplitz matriz

A = tridiag(b a c) are Ay = a + Q%COS(N]“—L), k=1:N.

Does Au = (I — (1/Az*)Ta,)u have a unique solution? Yes beacuse
Ag=1—Appa, > 0.
After discretising u; = 5/, + u/, with u(t,0) = u(t,1) = 0 and u(0, ) = g(z)
we, with u;(t) = u(t, z;), arrive at

1

u, = Au = (P—eTM + Saz)Uu,

with initial condition u;(0) = g(x;). This is an IVP (in fact n IVP:s). Apply
method. The apply method step is really a discretisation in ¢, with At = t.,,;/N.
The equation (may) then look like
Un+1 _[n 1
At Ax?
p here depends on the method. if p = n we have the EE, if p =n 4+ 1 we have
the |E(Remember simularity with test equation).

Th,U" = 0.

Explain why the method of lines ODE can be considered stiff (fragan stalld for
ekv. u; = Uy, + u,, med homogena Dirichletvillkor). "The problem is stiff
because Th, + Sa, has large negative real eigen-values, hence strong exponential
damping. This is due to Th,, i.e., it is due to the presence of the diffusion term
u” - in the original equation. Because of the large negative eigenvalues, no matter

what explicit time stepping method one would choose, there will be a CFL
condition of the form AA;Q, which is prohibitive; the time stepping method “stalls,”
and almost can’'t make any progress.”



« Method of lines « Runge-Kutta, order of consistency

Ut = Ugy + Uz homogenous BC, u(0,z) = g(z))) Yn1 = Yo + h(arf (tn, yn) + af (b + bih, g + boh f (0, ya))
Upy = Lng Uy = SA:E Order 1
St LA s y(ta) — il = Ty(t,) + o (8)h + O(h?)
N U”+Atj T 7(14%: + Aun) (discretization T.R) —(y(t,) + haywy'(t,) + agy/(tn + byhy, + bghy/(tn)))
"I —=57) = u"(I +=57) (linear system of equations TR) ~a1=1a,=0b=by=0 = a1 +a»=1
= If the problem is stiff, use an implicit time stepping method (1/7A, makes a Order 2
problem stiff). This could be for example the trapezodial rule. Y(tnit) — Dnir| = ly(t,) + y/(tn)h | y”(t;)hQ - Oy (1)
000 0 _(y( ) T haly (tn) + haZ(f(tna yn)_l_
- Butcher tableau(get R(z) and determine stability): 1 1/3 2/3 Fi(tns yn)brh + f (s Y )0ohf (s ) + Oo(h2)))
T ) JT Ty J1N (i TL
, 7 1/32/3 iy
WYy =nhfly,) wmj()+bw()f@m%0+0xﬁn O1(h?)
hYé:hf(yn | h;/l | 2h3?/2> —a1+a,=10b,=0 ayby = %
Ynil = Up - thl | 2h3Y2 = Analytical eigenvalue problem
Y= Ay, Yy = Lou = Au u(0) :”u(l) = 0 on [0, 1]
hY, = h\ Louw=1u +au —
hY, = hA(1 th | Qh;/?) U +au = u— karpol K2+ak—A=0 = & :%__\/%2+)\
hY,(1 —237) = h)‘h(} +5) Y :\/%2 A = u(x) = e */?*(Ae* + Be ")
1422
R(hA) = (s w(0)=0 = A=—B, u(l) =0 — 7= iw —
Pole in RHS, check R(hiw), less than 1 means A-stable up(z) = e~ Psinwpr, wp =kt = u(l) =0— 2
2 |4 - hw up(r) = e~ 2ginktr —> —wi = —2k2 2=\ + o
|R(hiw)|” = 1 s | I e < 1 — N\, = —(km)* — <
10 0 0 ! ’ Discrete eigenvalue problem (samma operator, soker reella egenvarden)
Au = Apu, A= Tfridz'ag(l —alAx/2 —2 1+ alAx/2)
1/21/2 0 0 — A —an
3/4 0 3/4 0 )\k[A]— AQ | \/1 a?Ax /4COSN+1
T real if f \&Aw\<2:>A:c§2/|a\<:>N+12\cv\/2
b* 12/93/9 4/9
bV Exam term 2 2018:
e f(ynzby, 1: Implicit midpoint rule is:
hY, = hf(y, + =
? f(y 3h2Y/) Un+1 = Yn t+ Atf(tn + At/Q, (yn T yn+1)/2
hYs = hf(?{n -4 ) , Stability region:
Un+1 = Yn 2h9Y1 | 3h9Y2 | 4h9Y3 Yn-+1 1—|—h/2
/ n
y:)\/% Y =1 Y :)‘y — At/Q, (yn+yn+1)/2:At)\(yn+yn+1)/2 — Un — 1—h)\/2
hYy = hA h>0, Re(\) < 0 = |R(h)\)| <1 = A — stable
hY, = hA(L+ %) 0 0
nY, = hA(1 3ZA (3?)2) Butcher array: 1/2.0
P(hA) = 1+ (20X + 3hA + 24X 4+ 3(hA)? + 200
P(hX\) =1+ hAA u )2 | (hg)g 2: system of ODEs
= Normuppgift u; + (f(u)), = 0, u(t,0) = u(t, 1) |u(t, -)||o remains constant in ) = (—6y1y2 4 )y
- N2 — (1, _ by, —6y;
time. ||u(t,-)||5 = fy u - udx, u (f(u)),. 2
one step of explicit euler:
= —Hu N5 = / wudr = / Upudr = —/ udr = |partialintegrera| = v —6ytyy 4y
Yn+1 — (yn) h( 4yn _6yn2)( )
[l 1} Fluuds — [Fu)])— oy r
| nast sista steget ar den forsta termen noll eftersom u (och f:s) funktionsvarden ©n€ Step of trapeziodal. o 1
ar desamma i 0 och 1. Det sista steget kan tas eftersom wu, ar den inre derivatan Y1 —byy; 4 Y1 —6y1 " yy 4 yi
! n T h/2 n n T h/2 n n n
till f (alternativt gor ett variabelbyte med 2% = wu,). [F] = 0 ty det & samma T (YQ) & 4y —6ys 2)( ) & dyi ™t 6y Hz)(}’zH)
input i de tva fallen. Alternativ losning Newton's method, a way to start the iteration, and a termination criterion:
<u,u = uuli— < u,u >= [uufj— < UaU: > = y't =y — Fly" ) F" ' (y"), F'jacobian(y’ = Il 3/;1—1 (1)
2 <u,u >=u(l)? —u(0)’ =0 = < u,u >=0 201
Initial guess: explicit method, termination criterion: |ly'™! — ¢!|| < TOL3:
<, up >=< U, (f(u))s >:1_ < Uy, fu) >= system of ODEs
— Jou flu)dr = — f&%b)) f(u)du =0 . —6 4

llult, )5 = & < wu>=2 < uup >=0 i=(,

largest time step expl euler: matrix eigenvalues (det(Al — A)) -> put in R(z)
(Yns1/Yn). Impl euler: A-stable -> no restriction. Multiply by 100 -> large
negative eigenvalues -> stiff -> implicit euler.

00 0
4: butcher tableau 1 1 0 perform one R-K step for # = —9.81sin(6)
1/21/2
L1 — 0 jfl — I9

- ) . p— / p— p—
eqsystem: g _9.81(%)% Yns Y1 = f(tn, Un), Yo

Yn + ALf(Ln, yn), Ys = f(tn + At yn + AL(f(tn, Yn)s Yni1 =
?{n R At/Q( ( T yn) + f( —|f Ata_yn T Atf@m yn» —

Ty %) %) .
At/2( —9.8Lsin(x})| | —9.8lsin(x}) 28 _—9.818in(x7f)_>




